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A NOTE ON THE FITTING OF PARABOLAS 
By John Rice Miner 

BIOLOGICAL LABORATORY, MAINE AGRICULTURAL EXPERIMENT STATION' 
Communicated by Raymond Pearl, November 28, 1916 

The formulae given 'by Pearson 2 (pp. 12-16) and Elderton 3 (pp. 30-31) 
for the fitting of parabolas by the method of moments assume the origin 
at the mid-point of the range. It being often more convenient to take 
the origin one unit below the first ordinate, as in working by the method 
of least squares, I have, at the suggestion of Dr. Raymond Pearl, 
worked out the formulae which result from such choice of origin. 

Let / be the range for which the parabola 

y = Co + Cix + c 2 x 2 +....+ c n £ n 

is to be fitted to the observations, and M T = S(yxr) where the summa- 
tion includes the values of x and y for every observation. 



Then 



'''{ ( 



M, = I (c + Cxx + c 2 x* + . . . . c n x n ) x r dx 






[Q+%y +l -(i) ,+i }+-^h[(i+®' +2 -(hY +2 ]+. 



r+l LX " "' J r + 2 

+ '' A Q + iY +n+i -(%Y +n+1 ] 

r + n+\ 

Substituting r = 0, 1, 2, . . . '. n in this formula we have n +1 
simultaneous equations from the solution of which we may express the 
c's in terms of the moments and certain functions of /. 

(i). y = co + cix, 

Co = KiMo — K2M1, 
d = - KMo + KsMt, 

where 

K, = i (4* + 61 + 3), K,-l(l+ 1), K 3 = 12/P. 

(ii). y = Co + cix + cgx?, 

Co = KMo - KtMi + KoM 2 , 
d = - K h Mo + K 7 M t - KsM 2 , 
c 2 = KoM - KgMi + KoM 2 , 
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where 



Ki = Ui* + 4P + 7/ 2 + 5/ + j), Ki = 9 - (/ + 1) (4/2 + 10/ + 5), 
/ 5 \ 4/ / 5 

Ks = J ( P + M + f )' X? = f (16P + 30/ + 15) ' 

iT 8 = *|5(/+l), #, = 180//*. 

/ 5 

(iii). y = c + cix + c 2 x 2 + C3X 3 , 

c = K10M0 - K u Mi + KvMi - Ki a M s , 
a = - iTnMo + K U M! - KuMi + K^Ms, 
c 2 = KnMo — KuMi + KuM 2 — Ki 8 M s , 
d = - ^TisMo + iTjeM, - KisMz + Kv>Mz, 



where 



K„ = -1 (64/ 6 + 480/ 6 + 1680/ 4 + 2840/ 3 + 2460/ 2 + 1050/ +175), 
K n = M (/ + 1) (16/ 4 + 96/ 3 + 188/ 2 + 140/ + 35), 
K n = - (16/ 4 + 104/ 3 + 192/ 2 + 140/ + 35), 

v 

7ft 
K n = ^(/+l)(2/ 2 +10/+5), 

v 

K u = — (16/ 4 + 72/ 3 + 120/ 2 + 84/ + 21), 

I 



* 16 ^(/ + l)( 3 / 2 + 7/ + |), 



K 16 = ^ (4/ 2 + 10/ + 5), K„ = ^ ( 36/2 + 70; + 35), 

K lt = ^(l+l), K 19 = 2800/F. 

The values of the K's for values of / up to 30 are given in Table II. 

The fitting of the following observations, given by Thiele 4 (p. 12) and 
used by Pearson 2 to illustrate his formulae for fitting parabolas, will serve 
as an example. Table I shows the calculations to obtain the moments 
and the resulting parabolas. It is obvious that these data are in no 
way suited to graduation by parabolas, being really a unimodal fre- 
quency distribution. They will, however, serve for illustration of 
method. 

The origin for moments is taken at X = 6 and the successive moments 
corrected by Sheppard's formula (X) B (p. 276). 
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TABLE I 
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Parabolas 




X 




X 


yx 


ys* 


yx 3 




















1st 


2nd 


3rd 


7 


3 


1 


3 


3 


3 


57.5 


11.0 


-14.1 


8 


7 


2 


14 


28 


56 


54.3 


30.9 


32.2 


9 


35 


3 


105 


315 


945 


51.2 


46.6 


62.2 


10 


101 


4 


404 


1,616 


6,464 


48.0 


58.1 


78.4 


11 


89 


5 


445 


2,225 


11,125 


44.9 


65.4 


83.1 


12 


94 


6 


564 


3,384 


20,304 


41.7 


68.5 


78.9 


13 


70 


7 


490 


3,430 


24,010 


38.5 


67.5 


68.0 


14 


46 


8 


368 


2,944 


23,552 


35.4 


62.2 


53.0 


15 


30 


9 


270 


2,430 


21,870 


32.2 


52.8 


36.2 


16 


15 


10 


150 


1,500 


15,000 


29.1 


39.1 


20.0 


17 


4 


11 


44 


484 


5,324 


25.9 


21.3 


6.8 


18 


5 


12 


60 


720 


8,640 


22.8 


-0.7 


-0.8 


19 


1 


13 


13 


169 


2,197 


19.6 


-26.9 


-0.7 


Totals 


500 




2,930 


19,248 


139,490 

















Mo = 501.031015 
Mi = 2929.06288 



©• 



M 2 = 19190.3584 
M 3 = 138630.787 



/ = 13 



Co = 0. 34456 lifo - 0.03823401^ = 60.6459 
d = -0.0382340M"o + 0.00546199^ = -3.15791 

(ii). 
Co = 0.9356071fo - 0.275217Mi + 0.0J69273Af 2 = -13.1046 
d = -0.275217M +0.100481Mi - . 00678709M 2 = 

26.1762 
c 2 = 0.0169273Af - 0.00678709^ + . 000484792M 2 = 
-2.095379 

(iii). 
Co = 2.158569^0 - 1.173878M! + 0.172060M 2 - 0.00738727ilf 3 

= -79.062 
ci = -1.173878M + 0.760838M! - 0.120782M 2 + . 00542834M" 3 

= 75.0781 
c 2 = . 172060Mo - . 120782^ + . 0201633M 2 - . 000937074M 3 

= -10.53703 
c s = -0.00738727Jfo + 0.00542834^ - 0.000937074Af 2 

+ 0.0000446226Af 3 = 0.401978 

1 Papers from the Biological Laboratory of the Maine Agricultural Experiment Station 
No. 106. 

2 Pearson, K., Biometrika, Cambridge, 2, 1902, (1-23). 

3 Elderton, W. P., Frequency Curves and Correlation, London, 1907, pp. 172. 

4 Thiele, T. N., Forelaesninger over Almindelig lagtfagelslaere, Kj#benhavn, 1889. 
6 Pearson, K., Biometrika, Cambridge, 1, 1902, (265-303). 
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